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Let T be the unit circle in the complex plane and let A be a vector space 
of bounded Lebesgue measurable functions on T. A is said to be invariant 
under the restricted backward shift if, whenever f is in A and the 0-th Fourier 
coefficient off vanishes, then ecief(ece) is also in A. The theorems of this paper 
provide a characterization of the uniformly closed subalgebras of C(T) which 
contain the constants and which are invariant under the restricted backward 
shift and, a similar characterization of the weak-* closed subalgebras of 
La(T, d6) which contain the constants and which are invariant under the 
restricted backward shift. 
INTRODUCTION 
Let T be the unit circle in the complex plane and define an operator 
R on Lp( T, de) (1 < p < co) by 
Rf(eie) = e-ie(f(eie) -f(O)) 
where f(O) = l/277 JTf(eiO) d0 is the 0-th Fourier coefficient of f. 
When restricted to Hz, R is the adjoint of the well-known shift 
operator. We shall call R the restricted backward shift. This paper 
provides a characterization of the uniformly closed subalgebras of 
C(T) which contain the constants and which are invariant under the 
operator R. It turns out that there are surprisingly few: either A 
lies in the disc algebra, or the complex conjugate of A lies in the disc 
algebra, or A = C(T). In the first case, it is in fact true that A is the 
entire disc algebra. A similar characterization holds for the (weak-*) 
* Research supported in part by NSF Grant GP 19526. 
236 
Copyright 0 1973 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
INVARIANT ALGEBRAS OF BOUNDED FUNCTIONS 237 
closed subalgebra of L”( T, de) which are R-invariant and contain 
the constants. 
The R-invariant subspaces and the cyclic vectors of R in H2 have 
been the subject of recent papers [l, 2,4]. The techniques and results 
of these papers are not directly applicable in the present setting since 
on L”, R is not the adjoint of the shift operator, and since the topology 
of L” or C(T) is different from that of L2. 
1. THE ANALYTIC CASE 
Let d be the unit disc in the complex plane and suppose that A 
is a subalgebra of H”(d). By taking boundary values we may consider 
A to be a subalgebra of L”( T, de). In this case, A is invariant under 
the restricted backward shift if and only if whenever f~ A and 
0 = f(O), then f(z)/z E A. Furthermore, A is closed in the topology 
of bounded pointwise convergence on d if and only if A is weak-* 
closed in L”( T, de). This leads us to the following theorem. 
THEOREM 1. Let A be a nontrivial subalgebra of H”(d) which 
(i) contains the constants, (ii) is closed in the topology of bounded 
pointwise convergence, and (iii) contains f (x)/x whenever f E A and 
f(0) = 0. Then A = H”(d). 
Proof. If f E A has the Taylor expansion f(x) = C,” aixi valid 
in A, then repeated applications of (iii) imply that 
a-n-‘(f(Z)-$a+4, n=0,1,2;**. 
Now we want to show that 
if f E A, 01 E A, and f(a) = 0, then (z - a)-‘f(z) E A. (1.2) 
To see this, let g be any function in L1(T, de) with Jgf de = 0 for all 
fEA. Let 
F(z) = J” (f (eie) - f(z))(e@ - z)-l g(eie) d0, /zI < 1. 
Then F is an analytic function of z and a simple computation yields 
p)(O) = / e--i(n+lb3 (f (eie) - i ajecje) g(eie) d!3. 
0 
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But then (1.1) implies that F(“)(O) = 0 for n > 0 and hence F = 0. 
Note that (1.2) implies 
if SEA and f(a) =O,ol~d, then z(z - a)-‘f(z) E A. (1.3) 
This is true because X(X - a)-‘f(z) = ,(z - a)-‘f(z) +f(x). 
Let p = sup{/ h’(O)1 : h E A and I/ h I/ < l}. By a normal families 
argument and (ii), there is a 4 E A with j/ # [I < 1 and 4’(O) = /3. 
Further, #J(O) = 0 since otherwise (r/(z) - +(O))( 1 - B(O) 4(z))-” 
would lie in A, be bounded by 1, and have a larger derivative at 0. 
Hence 4(z) = zh( ) h z w erehEAby(iii).Ifhrl,thenx~Aand 
hence A = H”(d). S oassume lhj < 1 ind. FixolEd andlet 
g(z) = (e4 - 4(4)(1 -Bc4~c4>-‘c~ - a)-Yl - Ex) 
and 
PM = (&4 - g(W -f(O) bw’- 
g is in A by (1.3) and h ence p E A and 11 p 11 < 1. Thus 1 p’(O)1 < j3. 
Computation and simplification yield 
B 101 I(1 - I h(412) 3 I B(1 - Ia I2 I h(412) - (1 - I a. l”)44. (1.4) 
Squaring both sides of (1.4) and noting that 1 cy. I(1 - I h((~)j~) < 
1 - / 01 I2 1 h(a)12 we find that 
Re h(ol) 3 0 for /orl<l. 
Now let (p,} b e a sequence of polynomials with p,(O) = 0 and 
p,(z) ---f (x)I/~ uniformly on d n {Re z >, 01. Then zp,(h(x)) E A 
since both z/z(z) and h(z) are in A; hence z(h(x))‘l” is in A. But this 
has a larger derivative at 0 than + unless /I = 1. But if /3 = 1, then 
d(z) = z. This implies that A contains every polynomial and hence 
A = H”(d). 
DEFINITION. The disc algebra consists of all functions continuous 
on the closure of A and analytic on A. 
THEOREM 2. Let A be a nontrivial, uniformly closed subalgebra of 
the disc algebra which contains the constants and contains f (x)/z 
whenever f E A and f (0) = 0. Then A is the disc algebra. 
Proof. The proof requires a few facts from the theory of uniform 
algebras (a convenient reference is [5]). 
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Let A, be those functions in A which vanish at 0, and let 
I = {z-“f(2) : f E A,}. I is a closed ideal in A. If I lies in no maximal 
ideal, then I = A and since 1 E A, we must have z E A. This implies 
A is the disc algebra. Hence, we will assume that I lies in a maximal 
ideal J and then show that this assumption leads to a contradiction. 
First, J must lie in the same Gleason part for A as the origin. For 
otherwise, there are elements (f,} in A with f,(O) = 0, IIf, 11 < 1, 
andfJJ) -+ 1. If p is a representing measure for Jon T = (1 x 1 = 11, 
then fn -+ 1 a.e. p. Hence for x(eis) = eiO, we have 
0 = j (jY,J* dp-f j” x” dp, k > 1. 
Thus dp = d&’ since p > 0 and J dp = 1. But then J is exactly the 
evaluation at 0 and since A is nontrivial J could not contain I. Hence, 
0 and J lie in the same part for A. 
A theorem of Bishop [3] now implies that J has a representing 
measure X on T with de = #dX and Z/J E L”(h). Let B be the weak-* 
closure of A in L”(X). S ince de = #dh, for each h E B there is a unique 
H E H”(d) with H* = h a.e. de. 
Let 
B = sup{1 H’(O)1 : h = H* E B and I/ h IILrnfAj < l}. 
An argument like that in the proof of Theorem 1 implies that if f E A 
and f(a) = 0, th en both (z - a.)-'f (z) and x(x - a)-'f (x) lie in A 
and this property carries over to B. Again, the proof of Theorem 1 
shows that p = 1. Choose f, E B with 11 f, II < 1 and F,‘(O) -+ 1. 
Then f, -+ x a.e. de. We may assume that fn(0) = 0. Let g be a 
weak-* cluster point of (f,] in L”(X) and let dX = pde + dy be the 
Lebesgue decomposition of h. Then 
0 = j” WT dx + j- P de + j- k’g)” 4, k = 1, 2, ... . 
If we let 6 = fpde, G = zg, and E = (G = 11, then 
o < &?x) = $+% j” (1 + G)" 2-" dy 
= b-i [--s + 2-76 + 11 y II)] = -4 < 0. 
Hence 6 = spde = 0, contradicting the choice of h. 
Examples. The most elementary examples show that none of 
the hypotheses may be dropped in either Theorem 1 or Theorem 2 
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and still draw the same conclusion; hence Theorem 1 serves as a 
characterization of H”(d) and Theorem 2 as a characterization of the 
disc algebra. 
For example, let S(x) = exp{(z $- l)(z - 1)-l}, / x / < 1, and let 
A = SH”. Then A is a weak-* closed subalgebra of H” which is 
invariant under the restricted backward shift, but A $ H”. Of 
course, 1 # A. Likewise, if A = {h E H” : h’(0) = 0}, then A is a 
weak-* closed subalgebra of H” with 1 E A but A # H”, since A is 
not invariant under the restricted backward shift. 
Similarly, if we let A = {Sf : f is in the disc algebra andf(1) = 0) 
then A is a uniformly closed subalgebra of the disc algebra which is 
invariant under the restricted backward shift but A is not all of the 
disc algebra since 1 +! A. 
2. ALGEBRAS ON THE UNIT CIRCLE 
THEOREM 3. Let A be a nontrivial uniformly closed subalgebra of 
C(T) which contains the constants and which is invariant under the 
restricted backward shift. Then one and only one of the following occurs: 
(1) either A is the disc algebra or (2) there is a closed ideal I in the disc 
algebra with A = $7’ @I h w ere the bar denotes complex conjugation 
or (3) A = C(T). 
Proof. If each element of A lies in the disc algebra, then 
0 =3(O) =f(O); h ence, f (0) = 0 implies f (x)/z is also in A and so 
by Theorem 2, A is all of the disc algebra. If, on the other hand, the 
conjugate of every element of A is in the disc algebra, then 
I = {f-f(O) :fe A} is a closed ideal in the disc algebra and we 
obtain (2). (For a description of the closed ideals of the disc algebra, 
see [6]). Hence, we will assume for the remainder of the proof that 
there is at least one function f in A and two positive integers n and m 
such that f(n)f(-m) # 0, where f(k) is the k-th Fourier coefficient 
off. 
The major step in the proof is to show that eie E A. Once we know 
this, then A contains (properly) the disc algebra and hence by 
Wermer’s maximality theorem, A = C(T). (See [6, p. 931.) 
Let A, = {f E A : ~‘(0) = O> and let I be the closed ideal in A 
generated by e@A, . If I is all of A, then 1 E I and hence eie E A 
and we are done. Hence we will assume that I is a proper ideal and 
thus lies in a maximal ideal J and will exploit this to reach a contra- 
diction. 
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J has a representing measure p and hence there is a positive 
measure p with 
0 = /ZfdP for all fEA,, (2-l) 
and dp is multiplicative on A. Thus 
f(0) 1 R dp = 1 xfdp for all f e A. 
Let fe A, and g E A. Then 
0 = (I‘fiVv)(/gd~) = j-fgz+ = (fg)^(O) j&
If JR dp # 0, then (fg)” (0) = 0. Hence, for any f, g E A we have 
( fg)^ (0) = f(O) d(O)9 f, g E A* (2.2) 
I claim that for each f E A, 
(f 2)A (n) = $f(k,P(n - K) for 12 > 0. (2.3) 
Equation (2.3) clearly holds for n = 0 since this is just (2.2). Further, 
if f E A, then g = x(f -3(O)) E A and hence 
@)3(O) = (gf )^ (0) or 3(1)3(O) = J-fx(f -f(O)W 
=-p(l) -3(0)3(l). 
Suppose (2.3) is true for n = 0 ,..., m - 1, m > 2, and that f E A,, . 
Then g = e-iefE A and 
P(m) = &(m - 2) = t2 j(k) J(m - 2 - k) 
0 
m-2 * 
= ;f(k+ 1)3(m- 1-k) 
n-1 
= F 3(43(m - 4. 
If f E A, then f - 3(O) E A, and thus 
m-1 
((f -3(o))2)A(Ifl) = T 3(k)3(m - 4 
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SO 
(f”)^ (4 = f&m - 4, as desired. 
0 
Let P be the canonical projection of L”(T, df?) onto Hz: 
Letf E A and letfr = P(f). Then by (2.3) we have (fi2)^ (a) 
for n > 0 and thus 
Thus P(f) E L4 and hence 
Kf2) = pm2 for fEA. 
= f?(n) = 
simple This implies that P(fg) = P(f) P(g) for f, g E A and a 
induction argument gives P(f “) = P(f )“, n = 1,2,..., for f E A and 
thus11 P(fP II2 = II Wn>l12 < II f n II2 < II f II”, . Therefore, P(f) E H” 
and II P(f )I103 G II f Ilm * 
Now define Q(f) = f - P(f); then Q(f) E Ham where the bar 
denotes complex conjugation. Since P(f “) = P(f)2, we find that 
P(f) Q(f) E Km* 
Now I claim that for each a, / a I < 1, the function 
If(eie) - P(f)(a)][eie - a]-’ is in A. For if p is a measure on T which 
is orthogonal to A, then 
s T LO@) - Kf)(41[eie - 4-l 44% Ial< (2.4) 
is an analytic function of a, all of whose derivatives vanish at the 
origin (as in the proof of Theorem 1) and hence the integral in (2.4) is 
identically zero. Consequently, for any h E L1( T, de), 
I T [f(eie) - P(f)(reit)][eie - wit]--1 h(eit) dt, 0 < Y < 1 (2.5) 
lies in A. Let h(ei”) = Q(f)(eif); then (2.5) implies that 
We> e-if9 ~,,&W - e-ie~re&Xf) Rf),) 
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is in A, where &e(g) = 1127~ Jrg(@)(l - rei(s-6))-1 dt is the 
Cauchy integral of g; the bars denote complex conjugation; and 
F(f), (ei6) = P(f)(r&). N ow, as r + 1, CW*e(g) converges in L2 to 
P(g) for any g E L2 and since we know that both g(f) and g(f) P(f) 
lie in H”, we find that 
h(eie) = eei”f(eie) Q(f)(e@) - emieQ(f)(eie) P(f)(eie) 
= @Q(f)2 (@) 
is in the L2-closure of A. Since d0 is still multiplicative on the L2- 
closure of A, we have 
phd9 =j(O) J-hdO = 0, fEA. 
Note that h E f702. Next we show that the only function in Hz which 
is orthogonal to A is 0. This will show that Q(f) = 0 for all f E A 
and hence A lies in the disc algebra, contrary to our assumption. 
Let h E H2 and suppose that 
s hfd$ =O, fFA. (2.6) T 
Then 0 = J hP(f) d0 + J hQ(f) dtl = J/V(f) d0 for all f E A. 
However, if B = {P(f) : f E A}, th en since P is multiplicative on A, 
B is a subalgebra of H” which is invariant under the restricted 
backward shift and hence by Theorem 1, B is weak-* dense in H”. 
Thus (2.6) ’ pl rm ies that J hf dtl = 0 for all f E H” and hence h = 0. 
Thus we are ultimately lead to the conclusion that JR dp = 0. 
Now (2.1) implies that 
0 =Sx”[f-f(o)-~~(l)ld~, fEA 
and hence 
@f dr-L =f’(O) sx2 dcL. 
If s f2 dp + 0, then we find 3(O) g(0) = j;(O) and this leads to 
exactly the same contradiction as before. Thus a(2) = 0. Likewise, 
P(n) = 0 for n > 1 and, since p is real, a(---n) = 0 for 71 > 1. Thus 
dp = dt9 and (2.1) reduces to 3(l) = 0 for f E A, . But there is an 
f~ A, withf(1) f; 0. H ence, no such measure p can exist and thus 
580/12/3-z 
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the ideal generated by x.A,, is all of A, which implies that eis E A and 
hence that A = C(T). 
COROLLARY. If A is a nontrivial uniformly closed subalgebra of C(T) 
which contains the constants and is invariant under both the restricted 
forward shift and the restricted backward shift, then either A is the disc 
algebra, or the conjugate of the disc algebra, or A = C(T). 
THEOREM 4. Let A be a nontrivial weak-” closed subalgebra of 
L”(T, de) which contains the constants and which is invariant under 
the restricted backward shift. Then one and only one of the following 
holds: either (1) A = H”, (2) there is an inner function 4 E H” with 
A= C’@+H” where the bar denotes complex conjugation, or (3) 
A = L”( T, de). 
Proof. If each element of A is in H”, then Theorem 1 implies 
that A = H”. If the complex conjugate of each element of A is in 
H”, then I = {f -p(O) : f E A} is a weak-* closed subspace of H” 
which is invariant under multiplication by eie and hence I = +H”. 
Hence, we may suppose that A contains a function f with 
Pcn>Pc-4 i 0 f or some positive integers n and m. Let x be the 
maximal ideal space of L”( T, de), and assume there is a maximal 
ideal J in A which contains RA, . Let p be any (complex) representing 
measure on x for J. Then, just as in the proof of Theorem 3, we learn 
that either Jz x dp = 0 or that d0 is multiplicative on A. The latter 
leads, just as before, to the conclusion that either A G Hco or that x 
lies in A; A G Wrn has already been ruled out by assumption and if 
x E A then H” C A and thus A = L”(T, do) by the maximality 
theorem [6; p. 1941. Thus J x dp = 0 and hence x E J. Thus Hm 2 A 
and again by the maximality theorem we have A = L”(T, do). 
Hence, no such maximal ideal J exists and thus x E A; hence, 
A = Lm(T, de). 
Remark. The ideal in (2) of both Theorems 3 and 4 contains 
only functions which vanish at the origin; i.e., the inner function 
which will appear in the structure of the ideal must vanish at 0. 
Since any subspace of the form of (l), (2), or (3), assuming that in (2) 
each element of the ideal vanishes at 0, is clearly invariant under the 
restricted backward shift, Theorem 3 provides a characterization of 
the uniformly closed subalgebras of C(T) which contain the constants 
and which are invariant under the restricted backward shift and 
Theorem 4 the similar weak-* closed subaigebras in L”( T, de). 
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